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Abstrat
The indution of the la operon follows ooperative kinetis. The rst mehanisti
model of these kinetis is the de fato standard in the modeling literature (Yagil &
Yagil, Biophys J, 11, 11-27, 1971). Yet, subsequent studies have shown that the model
is based on inorret assumptions. Speially, the repressor is a tetramer with four
(not two) induer-binding sites, and the operon ontains two auxiliary operators (in
addition to the main operator). Furthermore, these strutural features are ruial for
the formation of DNA loops, the key determinants of la repression and indution.
Indeed, the repression is determined almost entirely (>95%) by the looped omplexes
(Oehler et al, EMBO J, 13, 3348, 1990), and the pronouned ooperativity of the
indution urve hinges upon the existene of the looped omplexes (Oehler et al,
Nulei Aids Res, 34, 606, 2006). Here, we formulate a model of la indution taking
due aount of the tetrameri struture of the repressor and the existene of looped
omplexes. We show that: (1) The kinetis are signiantly more ooperative than
those predited by the Yagil & Yagil model. The ooperativity is higher beause the
formation of looped omplexes is easily abolished by repressor-induer binding. (2)
The model provides good ts to the repression data for ells ontaining tetrameri
(or mutant dimeri) repressor, as well as the indution urves for 6 dierent strains
of E. oli. It also implies that the ratios of ertain looped and non-looped omplexes
are independent of induer and repressor levels, a onlusion that an be rigorously
tested by gel eletrophoresis. (3) Repressor overexpression dramatially inreases the
ooperativity of the indution urve. This suggests that repressor overexpression an
indue bistability in systems, suh as growth of E. oli on latose, that are otherwise
monostable.
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Figure 1. Kineti sheme of the Yagil & Yagil model (Yagil and Yagil, 1971). Here,
X denotes the induer, R denotes the repressor, and O denotes the operator.
1 Introdution
Geneti swithes plays a fundamental role in development and evolution (Carroll et al.,
2005; Ptashne and Gann, 2002). The development of embryos is now known to
be orhestrated by an array of geneti swithes. There is growing belief that
the biodiversity of organisms reets the evolution of the regulatory genes
ontrolling these geneti swithes.
The la operon is a paradigm of the mehanism by whih geneti swithes are
regulated. Key mehanisms of gene regulation, suh as negative and positive
ontrol by the repressor and CAP, respetively, were revealed by studies of the
la operon (Müller-Hill, 1996). Not surprisingly, the la operon has been, and
ontinues to be, the system of hoie for researhers interested in the dynamis
of gene regulation (Laurent et al., 2005).
It has been known for many years that the la indution rate is a sigmoidal
funtion of the induer onentration (Herzenberg, 1959). The rst mehanisti
model of these kinetis was based on the following assumptions (Fig. 1):
(1) The la operon ontains one operator.
(2) The la repressor has two induer-binding sites.
(3) Induer-bound repressor (R ·X , X · R ·X) annot bind to the operator.
The rst assumption was supported by the prevailing knowledge of the la
operon. There was no diret evidene for the last two assumptions  they were
made beause they yielded sigmoidal kinetis. Indeed, the above assumptions
imply that the indution rate is proportional to the expression
1 +Kx1x+Kx1Kx2x
2
1 +K1rt +Kx1x+Kx1Kx2x2
(1)
where x is the induer onentration; Kx1, Kx2 are the assoiation onstants
for binding of the rst and the seond induer moleules to the repressor; K1
is the assoiation onstant for repressor-operator binding; and rt is the total
onentration of the repressor.
Yagil & Yagil also performed an extensive study of the extent to whih their
model aptured the data. They showed that in some instanes, the data ould
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Figure 2. The struture of the la repressor (adapted from Müller-Hill, 1996,
Chap. 3.4). The open irles represent free induer-binding sites. The binding of
an induer to a dimer (losed irle) hanges the relative orientation of the two sub-
domains of the ore, thus separating the headpiees and abolishing their ability to
bind to an operator.
be tted by the simpler expression
1 +Kx1Kx2x
2
1 +K1rt +Kx1Kx2x2
(2)
whih does not ontain the linear term, Kx1x. In yet other ases, the data
ould not be tted unless eq. (1) was used. Nevertheless, eq. (2) has beome
the de fato standard in the modeling literature (Chung and Stephanopoulos,
1996; Ozbudak et al., 2004).
Sine the publiation of Yagil & Yagil's paper, studies have shown that as-
sumptions (1)(3) of the Yagil & Yagil model are not onsistent with the
struture of the la operator and repressor. Speially, the la operon on-
tains not one, but three operators; the repressor ontains not two, but four
induer-binding sites; and nally, induer-bound repressor an bind to the op-
erator. Furthermore, these strutural features have a profound eet on the
repression and indution of the la operon.
In vivo, the la repressor is a tetrameri moleule (Barry and Matthews, 1999),
whih an be viewed as a dimer of dimers (Fig. 2). Eah monomer on-
tains a headpiee that an bind to the operator, a ore ontaining an induer-
binding site, and an oligomerization domain that mediates the linking of the
two dimers. If a repressor dimer is induer-free, its headpiees an interat
strongly with an operator. This interation is redued if the dimer is induer-
bound, beause induer binding hanges the relative orientation of the two
subdomains of the ore, thus inreasing the distane between the headpiees
of the dimer (Lewis, 2005, Fig. 17). Kineti studies suggest that the binding
of even one induer moleule to a dimer abolishes its ability to bind to an
operator (Oehler et al., 2006). It is therefore lear that the repressor moleule
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Figure 3. The arrangement of the la operators (not drawn to sale). The main
operator, O1, lies within the la promoter. The auxiliary operator, O2, lies within
laZ, the gene enoding β-galatosidase, and the auxiliary operator, O3 is adjaent
to the binding site for CAP.
has 4 idential induer binding sites, and induer-bound repressor an bind to
the operator, provided one of its dimers is induer-free.
It has also been found that in addition to the main operator, denoted O1,
there are two auxiliary operators, denoted O2 and O3 (Fig. 3). The auxiliary
operator, O2, loated 401 bp downstream of O1, lies within laZ, the gene
enoding β-galatosidase. The auxiliary operator, O3, loated 92 bp upstream
of O1, is adjaent to the CAP binding site. Given these loations, one expets
the transriptional repression to inrease in the presene of the auxiliary op-
erators. If the repressor binds to O2, it an hinder the transription of the
operon; if it binds to O3, CAP annot attah eetively to its ognate site.
It turns out that the repression is indeed higher in the presene of the auxil-
iary operators, but not beause these operators have a strong anity for the
repressor. Instead, they inrease the repression by a subtle interation that
stabilizes the binding of the repressor to O1.
This interation was revealed by measuring the repression in ells ontain-
ing various ombinations of operators (Oehler et al., 1990). The repression is
dened as the ratio
R ≡ e|x→∞
e|x=0
(3)
where x is the onentration of a gratuitous induer (IPTG in these experi-
ments), and e is the spei β-galatosidase ativity measured during expo-
nential growth of laY
−
ells on a mixture of IPTG and a arbon soure that
annot indue la transription (glyerol in these experiments). It provides a
measure of the transriptional inhibition in the absene of the induer: R is 1
if there is no inhibition, and beomes progressively higher with the strength
of the inhibition. Oehler et al observed that (Table 1):
(1) In the absene of the auxiliary operators, the repression is only 18. How-
ever, it inreases dramatially if O2 or O3 are also present (∼40- and
∼25-fold, respetively).
(2) In the presene of only O2 or O3, the repression is similar that observed in
ells laking all three operators. Thus, O2 and O3 have almost no anity
for the repressor.
It follows that the inreased repression observed in the presene of O1 and
O2 (or O3) does not our simply beause the auxiliary operators have
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Table 1
Repression observed in the presene of various ombinations of the opera-
tors (Oehler et al., 1990, Fig. 2).
Combination of operators Repression Combination of operators Repression
O1 18 O3 1
O1, O2 700 O2, O3 1.9
O1, O3 440 O1, O2, O3 1300
O2 1 No operators 1
a strong anity for the repressor  instead, there is some interation
between the operators.
(3) The repression in the presene of O2 and O3 is also similar to basal levels.
It follows that the interation primarily involves the pairs, O1, O2 and
O1, O3  interations between O2 and O3 make almost no ontribution
to the repression.
(4) In the presene of all three operators, the repression is only 2- or 3-fold
higher than that observed in the presene of the pairs, O1, O2 and O1, O3.
Thus, the presene of either one of these two pairs is suient for the bulk
of the repression.
Oehler et al argued that the interation between the operators reets the
formation of DNA loops.
DNA loops an form only if the repressor is ompletely free of induer. In
this ase, the binding of one of the repressor dimers to an operator brings
the other (free) dimer lose to the remaining the remaining two operators. If
one of these operators is free, the free dimer an bind to it, thus foring the
intervening DNA to form a loop (Fig. 4).
Given the above mehanism for DNA loop formation, Oehler et al explained
their data as follows. The repressor binds primarily to O1. The O1 ·R omplex
thus formed is rapidly onverted to a stable DNA loop by interation with
O2 or O3. The onversion to a loop is rapid beause it is driven by the loal
onentration of O1 · R within small spheres having radii equal to the inter-
operator distanes of 401 and 92 bp (Oehler et al., 1994, Fig. 7). The loop
is stable beause even if thermal utuations ause the repressor to detah
from, say, O1, weak interation of the repressor with O2 or O3 keeps it within
a small neighborhood of O1, thus inreasing the probability that it rebinds
to O1 (Ptashne and Gann, 2002, p. 20). In other words, the loal onentra-
tion eet inreases the on rate for loop formation, and the rebinding eet
dereases the o rate for loop formation. The net result is a high assoia-
tion onstant for loop formation, a fat that is onrmed by the parameter
estimates (Setion 3).
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Figure 4. The formation of a DNA loop (from Müller-Hill, 1996, Chap. 3.4).
The above explanation assumes that (a) despite the low anity, the repressor
does bind to the auxiliary operators, and (b) the stability of the loop rests
upon the proximity of the main and auxiliary operators. Both assumptions
were onrmed in subsequent experiments (Oehler et al., 1994). It was shown
that the repressor binds weakly to the auxiliary operators, and there is no
repression if the auxiliary operators are moved far away (>3600 base pairs)
from O1.
Vilar & Leibler formulated a statistial thermodynami model to aount for
the foregoing repression data (Vilar and Leibler, 2003). The model assumes
that there is one main and one auxiliary operator, and transription ours if
and only if the main operator is free. Given these assumptions, they showed
that the repression is given by the expression
R = 1 + Ne
−△Gm +Ne−△Gm−△Ga−△Gl +N(N − 1)e−△Gm−△Ga
1 +Ne−△Ga
, (4)
where N is the number of repressor moleules per ell; △Gm,△Ga are the
free energy hanges (normalized by RT ) due to binding of the repressor to
the main and auxiliary operator, respetively; and △Gl is the free energy
hange of loop formation. Equation (4) aptures the repression of pairs of
operators for suitable values of N , △Gm, △Ga and △Gl. Furthermore, the
term, Ne−△Gm−△Ga−△Gl, explains why DNA loops are so stable despite the
weak repressor-operator binding. If the magnitude of the looping free energy,
|△Gl|, is suiently large, it an overome the eet of small |△Gm| , |△Ga|.
The above disussion shows that DNA looping strongly inuenes the mag-
nitude of the repression (observed in the absene of the induer). However,
insofar as the formulation of dynami models is onerned, it is of more inter-
est to ask if DNA looping inuenes the kinetis of indution (observed in the
presene of the induer). It turns out that this is indeed the ase. Reently,
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Figure 5. DNA looping inreases the ooperativity of the indution
urve (Oehler et al., 2006). (a,b) The indution urves for ells ontaining
(a) no auxiliary operators, and (b) mutant dimeri repressor. The data was tted
with eq. (28) and the parameter values estimated by Oehler et al. () The indution
urve for ells ontaining all three operators and tetrameri repressor. The data
was tted with eq. (45) and the parameter values in Table 2.
Oehler et al ompared the indution kinetis in the absene and presene of
DNA looping (Oehler et al., 2006). They abolished DNA looping by deleting
the DNA enoding the auxiliary operators, or mutating the DNA enoding
the oligomerization domain of the repressor (this results in the prodution of
mutant dimers that annot form the tetrameri struture neessary for DNA
looping). In both ases, the indution kinetis were hyperboli at all but the
smallest induer onentrations (Figs. 5a,b). In sharp ontrast, the kinetis
were strongly sigmoidal in the presene of DNA looping (Fig. 5). The au-
thors onluded that the sigmoidality of the indution urve of the wt la
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system reets ooperative repression through DNA loop formation.
These experiments show that DNA looping massively amplies the oopera-
tivity of the indution kinetis. The goal of this work is to understand this
phenomenon quantitatively. It is lear that we annot appeal to the Yagil &
Yagil model, sine it does not aount for the auxiliary operators and the at-
tendant DNA looping. Here, we formulate a model of la indution taking due
aount of both features. We nd that
(1) In the absene of DNA looping, the kinetis are formally similar to eq. (1),
the general form the Yagil & Yagil model. However, in the presene of
DNA looping, the kinetis are signiantly more ooperative.
(2) In wild-type ells, they depend on powers of x as high as x4. The ooper-
ativity inreases markedly beause looped repressor-operator omplexes
are very sensitive to the induer onentrations.
(3) If the repressor is overexpressed in wild-type ells, the kinetis beome
even more ooperative  they depend on powers of x up to x6. Under
these onditions, multiple repressors are bound to the operons. These
multi-repressor operons are even more sensitive to induer onentrations
than operons with one repressor typially found in wild-type ells.
(4) The model provides good ts to the indution urves for 6 dierent strains
of E. oli. More importantly, however, the model implies the existene
of spei saling relations between looped and non-looped omplexes.
These relations, whih an be tested by gel eletrophoresis, provide a
more stringent test of the model.
2 The model
We begin by enumerating all possible states of the la operon. We then de-
ne the transription rate in terms of the onentrations of the partiular
states that allow transription. Finally, we derive the governing equations
that determine the onentrations of these states as a funtion of the induer
onentration.
2.1 States of the la operon
We denote the free repressor (i.e., repressor not bound to an induer or oper-
ator) and its onentration by R and r, respetively. Sine the free repressor
has 4 induer binding sites, there are 15 possible repressor-induer omplexes
(Fig. 6). We denote the onentrations of repressor-induer omplexes on-
taining 1, 2, 3, and 4 induer moleules by r1, r2, r3, and r4, respetively.
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Figure 6. All possible states of repressor-induer omplexes. Here, R and X denote
the repressor tetramer and induer, respetively. The free repressor is on the left.
Repressor-induer omplexes ontaining one free dimer are shown in red.
We assume that a repressor dimer an bind to an operator if and only if it
ontains no induer. It follows that:
(1) In addition to the free repressor, there are six repressor-induer om-
plexes that an bind to the operator (shown in red in Fig. 6). We denote
any induer-bound repressor with one free dimer by R′, and the total
onentration of suh omplexes by r′.
(2) Although both R and R′ an bind to an operator, only operator-bound
R an form DNA loops (Fig. 4). Operator-bound R′ laks the free dimer
neessary for forming a DNA loop (Fig. 2).
These two fats will be ruial for explaining the inuene of DNA looping on
the indution kinetis.
The la operon an be in numerous states. There are 14 possible states if
we assume that only R an bind to an operator (Fig. 7). Several additional
states are feasible beause R′ an also bind to an operator. To enumerate these
states systematially, it is onvenient to lassify them based on the number of
repressors bound to an operon. We shall refer to operons ontaining 0, 1, 2,
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Figure 7. All possible states of the la operon when only free repressor is permitted
to bind to the operators. The blak arrows show the reations whih a repressor
binds to operator Oi, and Ki denotes the orresponding assoiation onstant. The
red arrows show the reations in whih a repressor-bound operator, Oi − R, forms
a loop by binding to a free operator Oj ; Kij and K¯ij denote the orresponding
assoiation onstants for unary and binary operons, respetively.
and 3 repressors as free, unary, binary, and ternary operons, respetively.
The operon an be free in only 1 way. We denote the onentration of free
operons by o.
Unary operons an exist in 9 dierent states. Six of these orrespond to states
in whih either R or R′ is bound to one of the operators, say, Oi. We denote
the onentrations of these states by oi and oi′, respetively. The remaining
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three states are obtained beause free repressor bound to Oi an interat with
another operator, Oj, to form a DNA loop. We denote the onentration of
suh looped states by oîj. For example, o1̂2 denotes the onentration of the
looped state obtained when a free repressor bound to O1 interats with O2, or
a free repressor bound to O2 interats with O1. These denitions imply that
u = o1 + o2 + o3 + o1′ + o2′ + o3′ + o3̂1 + o1̂2 + o3̂2, (5)
where u denotes the total onentration of the unary operons.
Binary operons an exist in 18 dierent states. Twelve of these orrespond
to the states obtained when R or R′ bind to any two of the 3 operators. We
denote the onentrations of suh states by oij , oi′j , oij′, oi′j′, where the indies
i, j represent the two operators to whih R or R′ are bound, and the symbol ′
above an index indiates that R′, rather than R, is bound to the orrespond-
ing operator. The remaining 6 omplexes are the looped states obtained when
the free dimer of an operator-bound free repressor interats with another free
operator. We denote the onentration of suh looped omplexes by overlay-
ing the symbol̂on the subsripts representing the two interating operators.
For example, o31̂2 and o3′1̂2 denote the onentrations of the states in whih
operator 3 is bound to R and R′ respetively, and operators 1, 2 interat by
looping. It follows that
b = (o31 + o3′1 + o31′ + o3′1′) + (o12 + o1′2 + o12′ + o1′2′)
+ (o32 + o3′2 + o32′ + o3′2′)
+
(
o3̂12 + o3̂12′ + o31̂2 + o3′1̂2 + o3̂12 + o3̂1′2
)
, (6)
where b denotes the total onentration of the binary operons.
Ternary operons an exist in 9 possible states, none of whih are looped be-
ause loops annot form in ternary operons. The onentrations of these states
are denoted by o···, where eah · ontains an integer of the form i or i′ indiating
whether R or R′ is bound to the i-th operator. Evidently
t = (o312 + o31′2 + o312′ + o31′2′) + (o3′12 + o3′1′2 + o3′12′ + o3′1′2′) , (7)
where t denotes the total onentration of the ternary omplexes.
2.2 Transription rate
Oehler et al have postulated that:
(1) Binding of the repressor to O1 bloks transription by oluding RNA
polymerase (Müller-Hill, 1996, Chap. 1.18).
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(2) Binding of the repressor to O2 has no eet on the transription rate.
This is not beause the repressor rarely binds to O2: Even if the repressor
is overexpressed 90-fold, O2-ontaining ells show no measurable repres-
sion (Oehler et al., 1990, Table I). This suggests that O2-bound repressor
annot obstrut the movement of RNA polymerase.
(3) Binding of the repressor to O3 does not blok transription. It merely re-
dues (deativates) the transription rate by preventing CAP from bind-
ing to the repressor.
This hypothesis is based on the following argument. If repressor-bound
O3 bloked transription, the repression in O3-ontaining ells would in-
rease monotonially with the repressor level. However, if the repressor is
overexpressed in these ells, the repression saturates at 25 (Oehler et al.,
1994, p. 3351).
These postulates imply that the transription rate is proportional to
T ≡ o
ot
+
(
o2
ot
+
o2′
ot
)
+ d
(
o3
ot
+
o3′
ot
+
o32
ot
+
o3′2
ot
+
o32′
ot
+
o3′2′
ot
+
o3̂2
ot
)
,
where d < 1 is a parameter aounting for deativation of transription by
repressor-bound O3.
2.3 Governing equations
To determine the onentrations of the various states, we assume that
(1) The total onentrations of the repressor and operator, denoted rt and
ot, are onstant.
(2) The system is in thermodynami equilibrium, and satises the priniple
of detailed balane (i.e., the net rate of every reation is zero).
(3) The binding of R or R′ to an operator does not aet the anity of the
remaining free operators for R and R′. Hene, one an dene Ki and Ki′
as the assoiation onstants for the binding of R and R′ to Oi, regardless
of the state of the remaining operators. Evidently, Ki′ = Ki/2, sine R
ontains two induer-free dimers, both of whih an bind to Oi, whereas
R′ ontains only 1 induer-free dimer.
We denote the assoiation onstants for formation of unary and binary
loops by Kij and K¯ij, respetively (Fig. 7).
(4) All four induer-binding sites on the repressor are idential and indepen-
dent. We denote the assoiation onstant for binding of an induer to any
one of these sites by Kx.
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Assumption 1 implies the onservation relations
(r + r1 + r2 + r3 + r4) + u+ 2b+ 3t = rt, (8)
o+ u+ b+ t = ot, (9)
where the fators 2 and 3 in (8) aount for the fat that the binary and
ternary operons ontain 2 and 3 repressors, respetively.
Assumptions 2 and 3 yield the equilibrium relations
oi = Kior oi′ =
1
2
Kior
′ o
îj
= KijKior = KjiKjor,
oij = KiKjor
2 oi′j = oij′ =
1
2
KiKjorr
′ oi′j′ =
1
4
KiKjo (r
′)2 ,
and
o3̂12 = K2K3K¯31or
2 = K2K1K¯13or
2 o3̂12′ =
1
2
K2K3K¯31orr
′ = 1
2
K2K1K¯13orr
′,
o31̂2 = K3K1K¯12or
2 = K3K2K¯21or
2 o3′1̂2 =
1
2
K3K1K¯12orr
′ = 1
2
K3K2K¯21orr
′,
o
3̂12
= K1K3K¯32or
2 = K1K2K¯23or
2 o
3̂1′2
= 1
2
K1K3K¯32or
2 = 1
2
K1K2K¯23or
2,
o312 = K1K2K3or
3 o3′12 = o31′2 = o312′ =
1
2
K1K2K3or
2r′,
o3′1′2′ =
1
8
K1K2K3o (r
′)3 o31′2′ = o3′12 = o3′1′2 =
1
4
K1K2K3or (r
′)2 ,
where the onentrations of the looped speies have two representations (e.g.,
o
îj
= KijKior = KjiKjor) beause these speies an be formed by two dier-
ent pathways (Fig. 7).
2
These equilibrium relations imply that eqs. (57) an be rewritten as
u = o
[
(K1 +K2 +K3)
(
r +
r′
2
)
+ (K1K12 +K1K13 +K2K23) r
]
, (10)
b = o
(K1K2 +K1K3 +K2K3)
(
r +
r′
2
)2
(11)
+K1
(
K2K¯23 +K2K¯13 +K3K¯12
)(
r +
r′
2
)
,
t = o ·K1K2K3
(
r +
r′
2
)3
. (12)
2
Sine the system is at equilibrium, thermodynamis demands that the free energy
hanges of the two pathways be the same (KiKij = KjKji in the above example).
The priniple of detailed balane ensures that these thermodynami onstraints are
satised (?).
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Assumptions 2 and 4 imply that the total onentration of all the omplexes
shown in Fig. 6 is given by
r + r1 + r2 + r3 + r4 = r (1 +Kxx)
4 , (13)
and the total onentration of repressor-induer omplexes with one free dimer
is
r′ = r
(
4Kxx+ 2K
2
xx
2
)
⇒ r + r
′
2
= r (1 +Kxx)
2 . (14)
These two equations follow immediately from statistial thermodynami the-
ory (Akers et al., 1982).
Substituting (1014) in (8)(9) yields the two governing equations
r (1 +Kxx)
4
+or
[
(K1 +K2 +K3) (1 +Kxx)
2 +K1K12 +K1K13 +K2K23
]
+2or2
[
(K1K2 +K1K3 +K2K3) (1 +Kxx)
4
+K1
(
K¯23 + K¯13 + K¯12
)
(1 +Kxx)
2
]
+ 3or3 (1 +Kxx)
6K1K2K3 = rt, (15)
o+ or
[
(K1 +K2 +K3) (1 +Kxx)
2 +K1K12 +K1K13 +K2K23
]
+or2
[
(K1K2 +K1K3 +K2K3) (1 +Kxx)
4
+K1
(
K¯23 + K¯13 + K¯12
)
(1 +Kxx)
2
]
+ 3or3K1K2K3 (1 +Kxx)
6 = ot, (16)
ontaining the 3 variables, r, o, x.
The equilibrium relations imply that
T =
o
ot
[
1 +K2r (1 +Kxx)
2 + d
{
K3r (1 +Kxx)
2
+K2K3r
2 (1 +Kxx)
4 +K2K23r
}]
.
Eqs. (15)(16) yield o and r as a funtion of x, whih an be substituted in
the above expression to obtain T as a funtion of the induer onentration.
2.4 Saled equations
It is onvenient to dene the dimensionless variables
ρ ≡ r
rt
, ν ≡ o
ot
, χ ≡ Kxx,
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and the dimensionless parameters
κi ≡ Kirt, i = 1, 2, 3,
α1 ≡ κ1 + κ2 + κ3,
α̂1 ≡ κ1K12 + κ1K13 + κ2K23,
α2 ≡ κ1κ2 + κ1κ3 + κ2κ3,
α̂2 ≡ κ1
(
κ2K¯23 + κ2K¯13 + κ3K¯12
)
,
α3 ≡ κ1κ2κ3,
ω ≡ ot
rt
.
The transription rate is then proportional to
T = ν
[
1 + κ2ρ(1 + χ)
2 + d
{
κ3ρ(1 + χ)
2
}
+κ2κ3ρ
2(1 + χ)4 + κ2K23ρ
}]
(17)
and eqs. (15)(16) beome
ρ (1 + χ)4 + ων
[
ρf1(χ) + 2ρ
2f2(χ) + 3ρ
3f3(χ)
]
= 1, (18)
ν
[
1 + ρf1(χ) + ρ
2f2(χ) + ρ
3f3(χ)
]
= 1, (19)
where
f1(χ) ≡ α1 (1 + χ)2 + α̂1,
f2(χ) ≡ α2 (1 + χ)4 + α̂2 (1 + χ)2 ,
f3(χ) ≡ α3 (1 + χ)6 .
As we show below, the parameters, αi and α̂i, are related to the repression due
to repressor-operator binding and DNA looping, respetively. The parameter,
ω, is typially quite small. In wild-type Esherihia oli, ω ≈ 0.2 sine eah
ell ontains 10 repressor moleules and no more than 2 operators (Müller-Hill,
1996, Chap. 3.2). In many experiments, the repressor is overexpressed (>50
moleules per ell), so that ω < 0.02.
3 Results
In what follows, we shall determine the values of αi and α̂i by appealing to
the repression data. It is therefore useful to express the repression in terms of
the model.
To this end, we begin by observing that during exponential growth in the
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presene of IPTG and glyerol, the mass balane for β-galatosidase yields
de
dt
= re(x)−
(
rg + k
−
e
)
e = 0⇒ e = re(x)
rg + k−e
,
where x is the onentration of IPTG, re(x) is the orresponding spei rate of
β-galatosidase synthesis, rg is the maximum spei growth rate on glyerol,
and k−e is the rate onstant for β-galatosidase degradation. Sine rg + k
−
e is
a xed parameter, e is proportional to re, and (3) beomes
R = re(x)|x→∞
re(0)
.
It follows from (17) that
R = 1
T (0)
=
1
ν(0) [1 + κ2 + d (κ3 + κ2κ3 + κ2K23)]
, (20)
where we have assumed that ρ(0) = 1, and at large induer onentrations,
ρ = 0, ν = 1.
Oehler et al measured the repression in the presene of various ombinations
of operators (Table 1). We shall distinguish these ases by using subsripts to
denote the partiular ombination of operators being onsidered. Speially,
Ri will denote the repression in ells ontaining only the i-th operator, Rij
will denote the repression in ells ontaining the i-th and j-th operators, and
R312 will denote the repression in ells ontaining all 3 operators.
We begin by onsidering the speial ases in whih there is no DNA looping,
and then proeed to the more general ase that aounts for DNA looping.
3.1 No DNA looping
In the experiments, DNA looping was abolished by deleting the auxiliary op-
erators or mutating the lous for the oligomerization domain of the repressor.
Here, we onsider the rst ase. The ase of mutant dimers is disussed in
Appendix A.
In the absene of the auxiliary operators, κ2 = κ3 = 0, so that
α1 = κ1, α̂1 = α2 = α̂1 = α3 = 0, (21)
and eqs. (17)(19) beome T = ν, and
ρ (1 + χ)4 + ωνρκ1 (1 + χ)
2 = 1, (22)
ν
[
1 + ρκ1 (1 + χ)
2
]
= 1. (23)
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We an get ν(χ) from these equations by eliminating ρ and solving the result-
ing quadrati. However, this solution is umbersome and oers little insight.
Instead, sine ω is small, we appeal to perturbation theory (Appendix B),
whih formalizes the following physial argument.
Sine the number of operons per ell is small ompared to the number of
repressors per ell, one an assume, as a rst approximation, that the fration
of operon-bound repressors is negligibly small ompared to the fration of
free repressors, i.e., ω = 0. Equations (22)(23) then yield the approximate
zeroth-order solution
ρ0 =
1
(1 + χ)4
, (24)
ν0 =
1
1 + κ1ρ0 (1 + χ)
2 . (25)
To estimate the error of the approximation, we aknowledge that the fration
of operon-bound repressors is small but not zero. We assume furthermore that
this fration an be estimated by the expression, ων0ρ0κ1 (1 + χ)
2
, and solve
the resulting equations
ρ (1 + χ)4 + ων0ρ0κ1 (1 + χ)
2 = 1,
ν
[
1 + ρκ1 (1 + χ)
2
]
= 1,
to obtain the improved rst-order solution
ρ = ρ0 [1− ω (1− ν0)] +O(ω2), (26)
ν = ν0
[
1 + ω (1− ν0)2
]
+O(ω2). (27)
It follows from (27) that the relative error of ν0 is approximately
ν − ν0
ν
=
ω (1− ν0)2
1 + ω (1− ν0)2
<
ω
1 + ω
.
Sine, ω . 0.2, the zeroth-order solution is aurate to within 100ω/(1+ω) ≈
15% in wild-type ells, and even more aurate in repressor-overexpressed ells.
Heneforth, we shall assume that eqs. (24)(25) are a good approximation to
the exat solution, so that
T (χ) = ν(χ) ≈ 1
1 + κ1/ (1 + χ)
2 , (28)
whih is formally idential to eq. (1) with Kx,1 = 2Kx, Kx,1Kx,2 = K
2
x, the
speial ase of the Yagil & Yagil model orresponding to idential and inde-
pendent induer-binding sites (Yagil and Yagil, 1971, p 19).
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Figure 8. Estimation of κ1 and κ3 by tting the repression data from Oehler et al.,
1990, Table I, and Oehler et al., 1994, Fig. 1, to eqs. (2930).
It follows from (28) that indution is ooperative even in the absene of DNA
looping. Indeed, sine T (χ) has a unique inetion point at χ =
√
α1/3 − 1,
T = 1/4, the kinetis are ooperative for all induer onentrations suh that
0 ≤ T ≤ 1/4. In the partiular ase of Fig. 5a, the kinetis are ooperative for
all induer onentrations in the range 050 µM, whih is signiantly higher
than the 05 µM range reported in Oehler et al., 2006, based upon visual
inspetion of the urve.
The parameters, κ1, Kx1, an be estimated from the indution urve by ob-
serving that (28) implies
√
T
1− T =
1√
κ1
+
Kx√
κ1
x.
If the model is orret, a plot of
√
T/(1− T ) vs x will be a straight line, and
κ1, Kx an be estimated from the slope and y-interept. The indution urve
shown in Fig. 5a yields a straight line with κ1 = 227 and K
−1
x = 6.7 µM
(Oehler et al., 2006, Fig. 4B).
The value of κ1 an also be estimated from the repression data. Indeed, it
follows from (28) that
R1 = 1
T (0)
= 1 + κ1. (29)
Fitting the repression at various overexpression levels to this equation yields
κ1 = 30 for wild-type ells (Fig. 8a). This is ∼7-fold lower than the value
estimated above beause the indution urve was obtained with repressor-
overexpressed ells.
Although eq. (25) was derived for ells ontaining the main operator O1, anal-
ogous expressions are obtained for ells ontaining an auxiliary operator, i.e.,
ν = 1/ [1 + κi/(1 + χ)
2] for i = 2, 3. Equation (20) then implies that the
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repression in O3-ontaining ells is
R3 = 1 + κ3
1 + dκ3
,
whih aptures the deativation eet noted by Oehler et al:R3 inreases with
the repressor level until it saturates 1/d. However, the data shows no evidene
of this saturation even if the repressor is overexpressed 90-fold (Fig. 8b). Non-
linear regression of the data using the above expression yields the best-t
parameters, d = 0 and κ3 = 0.24 for wild-type ells. It is oneivable that d
is positive, but so small that dκ3 ≪ 1 for the overexpression levels shown in
Fig. 8b. Heneforth, we shall assume that d = 0, and
R3 = 1 + κ3, (30)
a relation that is valid up to an overexpression level of 90.
3
Unlike κ1 and κ3, the parameter, κ2, annot be alulated from the repres-
sion data for O2-ontaining ells beause they show no repression even if the
repressor is overexpressed 90-fold. This property is impliit in the model as
well. Indeed, (20) implies that
R2 = 1
ν(0)(1 + κ2)
=
1 + κ2
1 + κ2
= 1,
regardless of the repressor level. Evidently, this reets the fat that O2-bound
repressor does not blok RNA polymerase.
3.2 DNA looping
In this ase, the full system of eqs. (18)(19) must be solved for ν and ρ.
Perturbation theory yields the zeroth-order solution
ρ0 =
1
(1 + χ)4
, (31)
ν0 =
1
1 + ρ0f1(χ) + ρ20f2(χ) + ρ
3
0f3(χ)
. (32)
It is evident from (32) that ρ0f1(χ), ρ
2
0f2(χ), and ρ
3
0f3(χ) are the onen-
trations of the unary, binary, and ternary operons, respetively, relative to
the onentration of the free operons. We shall onstantly appeal to this fat
below.
3
These estimates of κi also provide good ts to the repression data for dimers
(Fig. A.1)
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The zeroth-order solution is a good approximation to the exat solution. In-
deed, the rst order solution is given by (Appendix B)
ρ = ρ0 (1− ωΩ0) +O(ω2),
ν = ν0
(
1 + ωΩ20
)
+O(ω2),
where
Ω0 ≡ ρ0f1(χ) + 2ρ
2
0f2(χ) + 3ρ
3
0f3(χ)
1 + ρ0f1(χ) + ρ20f2(χ) + 3ρ
3
0f3(χ)
, (33)
and the relative error of ν0 is approximately
ν − ν0
ν
=
ωΩ20
1 + ωΩ20
.
The above interpretation of the terms, ρi0fi(χ), i = 1, 2, 3, implies that Ω0 is
the average number of repressors per operon, and hene, an have any value
between 0 and 3. At large induer onentrations, Ω0 ≈ 0, and the error is
guaranteed to be vanishingly small. At low induer onentrations, Ω0 an ex-
eed 1, provided the fration of binary and ternary operons is suiently large.
However, we show below that in wild-type ells, Ω0 is lose to 1 (Fig. 13a).
In repressor-overexpressed ells, Ω0 an approah 3, but ω is so small that
the relative error of ν0 does not exeed 20% (Fig. B.1). The zeroth-order so-
lution is therefore a good approximation at all repressor levels and induer
onentrations.
Substituting (31) in (32) and (17) with d = 0 yields
ν0 =
1
1 + α1
(1+χ)2
+ α̂1
(1+χ)4
+ α2
(1+χ)4
+ α̂2
(1+χ)6
+ α3
(1+χ)6
, (34)
T = ν0
[
1 +
κ2
(1 + χ)2
]
, (35)
whih shows that in the presene of DNA looping, the indution rate is for-
mally dierent from (28). It turns out, however, that in wild-type la, the
parameter values are suh that several terms in the above expresssions are
negligibly small. To see this, it is useful to dene
φi(χ) ≡ αi
(1 + χ)2i
, i = 1, 2, 3, (36)
φ̂i(χ) ≡ α̂i
(1 + χ)2(i+1)
, i = 1, 2, (37)
and rewrite (34) as
ν0 =
1
1 + φ1(χ) + φ̂1(χ) + φ2(χ) + φ̂2(χ) + φ3(χ)
. (38)
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Figure 9. Estimation of κ2, K12, K13, and K23 by tting the repression data from
Oehler et al., 1990, Table I and Oehler et al., 1994, Figs 45 to eqs. (40) and (42).
The values of R31 and R312 at 90-fold overexpression are lower bounds for the
repression. The true repression levels are too high to be measured aurately.
Evidently, φi(χ) and φ̂i(χ) are the relative onentrations of the non-looped
and looped operons ontaining i repressors (measured relative to the on-
entration of free operons). In partiular, the parameters, αi = φi(0) and
α̂i = φ̂i(0), are the relative onentrations of these operons in the absene of
the induer.
We begin by determining the wild-type values of αi and α̂i. The above esti-
mates of κ1, κ2, and κ3 imply that α1 = 31, α2 = 19, and α3 = 3. To nd the
remaining parameters, α̂1, α̂2, observe that sine
R312 = 1
T (0)
=
1 + α1 + α̂1 + α2 + α̂2 + α3
1 + κ2
, (39)
the repression in ells ontaining pairs of operators are given by the expres-
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sions
4
R12 = 1 + κ1 + κ2 + κ1K12 + κ1κ2
1 + κ2
, (40)
R32 = 1 + κ2 + κ3 + κ2K23 + κ2κ3
1 + κ2
, (41)
R31 = 1 + κ1 + κ3 + κ1K13 + κ1κ3. (42)
Fitting the repression data obtained at various overexpression levels to these
equations yields the estimates, κ2 = 0.38, K12 = 32, K13 = 15, K23 = 2.5
(Fig. 9), whih imply that
α̂1 ≡ κ1K12 + κ1K13 + κ2K23 = 1420.
Sine the measured value of R312 is 1300, eq. (39) implies that α̂2 = 322.
These parameter values imply that in wild-type ells, the indution rate is
muh simpler than (35). To see this, observe that in the absene of the induer,
the relative onentrations of binary and ternary operons are small ompared
to the relative onentrations of free and unary operons, i.e.,
α2 + α̂2 + α3 ≪ 1 + α1 + α̂1. (43)
Now, eqs. (3637) imply that in the presene of the induer, the relative on-
entrations of the binary and ternary operons derease with the induer on-
entration at a rate as fast, or even faster, than the orresponding rate for the
looped unary operons. It follows that even in the presene of the induer, the
relative onentrations of the binary and ternary operons remain negligibly
small ompared to the relative onentrations of the unary and free operons,
i.e., the relation
φ2(χ) + φ̂2(χ) + φ3(χ)≪ 1 + φ(χ) + φ̂1(χ)
is true for all χ ≥ 0. The fration of free operons in wild-type la is therefore
well-approximated by the simpler expression
ν0 ≈ 1
1 + φ1(χ) + φ̂1(χ)
. (44)
A similar argument shows that in the absene of the induer, κ2/(1 + χ)
2
,
the relative onentration of O2-bound operons, is 0.38, and (35) implies
that almost 1/3 of the transription ours from O2-bound operons. How-
ever, κ2/(1 + χ)
2
dereases so rapidly with the induer onentration that it
is already below 0.2 at χ = 0.5. Thus, the transription rate of wild-type la
4
Eq. (40) is the kineti analog of eq. (4) derived from thermodynami priniples.
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is well-approximated by the expression
T (χ) ≈ ν0(χ) = 1
1 + α1/ (1 + χ)
2 + α̂1/ (1 + χ)
4 (45)
for all but a negligibly small range of induer onentrations. This expression
is simpler than (35), but formally dierent from (28). The physial reason for
this will be disussed shortly.
The parameter values also imply that in the absene of the induer, the relative
onentrations of the free and non-looped unary operons are negligibly small
ompared to relative onentration of looped unary operons, i.e.,
1 + α1 ≪ α̂1.
It follows that in wild-type ells, the repression is exerted almost entirely by
the looped unary operons, i.e.,
R312 ≈ α̂1
1 + κ2
≈ κ1 (K12 +K13)
1 + κ2
. (46)
This equation explains an important trend in Table 1. Speially, the ad-
dition of only one of the auxiliary operators to the main operator inreases
the repression dramatially (25- to 40-fold) beause K12, K13 ≫ 1. However,
addition of the seond auxiliary operator provokes no more than a 2- or 3-fold
inrease beause the magnitudes of K12 and K13 are omparable.
Comparison of (28) and (45) shows that the indution kinetis are qualitatively
dierent in the presene of DNA looping preisely beause φ̂1(χ) dereases
faster than φ1(χ). The physial reason for this is as follows. Looped unary
states an form only if free repressor binds to an operator, whereas non-looped
unary states an form if free or induer-bound repressor binds to an operator.
More preisely, eqs. (10) and (14) show that the relative onentrations of
looped and non-looped unary operons are proportional to r and r + r′/2 =
r(1 + χ)2, respetively. Sine r is proportional to (1 + χ)−4, φ̂1(χ) and φ1(χ)
derease at the rates (1 + χ)−4 and (1 + χ)−2, respetively.
Analysis of the data onrms that DNA looping produes a qualitative hange
in the kinetis, whih annot be aptured by quantitative adjustment of the
parameters in eq. (25). If the data were onsistent with (25), the [T/(1−T )]1/2
vs. x plots would be straight lines. However, onstrution of these plots for
three dierent strains of E. oli yields not straight lines, but urves with
onspiuously small slopes at low induer onentrations (Fig. 10a).
The reason for the nonlinearity of the [T/(1−T )]1/2 vs. x plot beomes evident
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Figure 10. Analysis of the data for strains BB20 la
−
3 (), 2001 (⋆), and 15TAU
la
−
2 () (Overath, 1968, Fig. 1). (a) The [T/(1 − T )]1/2 vs. x plots are not straight
lines. The slopes derease signiantly at low induer onentrations. (b) The
[T/(1 − T )]1/4 vs. x plots are linear at low induer onentrations. The blak, red,
and green lines are ts obtained from the data for IPTG onentrations below 20 µM.
Table 2
Parameter values of eq. (45) estimated from the indution urves for 6 dierent
strains of E. oli.
Strain K−1x (µM) α̂1 α1 Referene
BB20 la
−
3 16.3 1834 62 Overath, 1968, Fig. 1
2001 26.2 741 12 Overath, 1968, Fig. 1
15 TAU la
−
2 44.2 89 0 Overath, 1968, Fig. 1
600Co
cy−1 17.5 13 0 Overath, 1968, Fig. 1
W3102it 3.0 66 7 Gilbert and Müller-Hill, Fig. 1
BMH8117 λEwt123 10.9 4921 219 Oehler et al., 2006, Fig. 1A
if eq. (45) is rewritten as
1
T
− 1 = α̂1
(1 + χ)4
+
α1
(1 + χ)2
.
Sine α̂1 ∼ 50α1 in wild-type la, the rst term, whih aounts for the repres-
sion due to looped unary operons, dominates at suiently low induer on-
entrations, χ≪
√
α̂1/α1− 1 ≈ 6. At these low onentrations, [T/(1−T )]1/4
vs. x plots should be straight lines beause
(
T
1− T
)1/4
≈ 1
α̂
1/4
1
+
(
Kx
α̂
1/4
1
)
x.
The experimental data for 3 dierent strains of E. oli shows that this is
indeed the ase (Fig. 10b). To be sure, the [T/(1− T )]1/2 vs. x plots are also
straight lines at suiently large induer onentrations (Fig. 10a). This is
beause when χ ≫
√
α̂1/α1 − 1, the non-looped unary states dominate, so
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Figure 11. Fits of the data from Overath, 1968 and Gilbert and Müller-Hill, 1966
for: (a) BB20 la
−
3 (), 2001 (⋆), and 15TAU la
−
2 (). (b) Operator-onstitutive
strain 600Co
cy−1 (), and tight-binding strain W3102 (⋆). The data was tted with
eq. (45) and the parameter values in Table 2.
that (
T
1− T
)1/2
≈ 1
α
1/2
1
+
(
Kx
α
1/2
1
)
x.
However, neither plot an be linear over the entire range of induer onen-
trations.
Eq. (45) provides good ts to the experimental data (Figs. 5 and 11). The
parameter values for these ts, shown in Table 2, were estimated as follows. If
suient data was available at low induer onentrations (Fig. 11), α̂1 andKx
were estimated from the slopes and interepts of the [T/(1−T )]1/4 vs. x plots.
The value of α1 was then determined by one-parameter nonlinear regression of
the data (MATLAB, LSQNONLIN). If aurate data was not available at low
onentrations (Fig. 5), all three parameter values were obtained by nonlinear
regression of the data.
In wild-type ells, the binary and ternary operons were negleted by ap-
pealing to (36)(37) and (43). The latter relation is not valid for repressor-
overexpressed ells. This is beause αj, α̂j are proportional to (rt)
j
. Hene, as
the repressor level inreases, α2, α̂2, α3 inrease muh faster than α1, α̂1, and
at suiently large repressor levels,
α3 ≫ α2, α̂2 ≫ α1, α̂1 ≫ 1, (47)
i.e., almost all the operons are in the ternary state. Fig. 12a shows that in the
absene of the induer, Ω0 ≈ 1 in wild-type ells, but inreases to ∼3 in ells
ontaining ∼500 times the wild-type repressor levels. In vitro data provides
diret evidene of this inrease in Ω0. When DNA fragments, ontaining two
appropriately spaed la operators, are exposed to inreasing repressor lev-
els, there is a pereptible inrease in the onentration of binary non-looped
omplexes (Fig. 12b). In vivo data also suggests that Ω0 inreases in repressor-
overexpressed ells. Oehler et al found similar repression levels in two dierent
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Figure 12. The number of repressors per operon inreases with the fold-inrease in
repressor level relative to the wild-type repressor level. (a) The model predition
alulated from (33) assuming χ = 0 and αi, α̂i have wild-type values. (b) When
DNA fragments with two la operators are exposed to inreasing repressor levels
(lanes be), the onentration of binary non-looped fragments inreases progres-
sively (Oehler et al., 1990, Fig. 4). The symbols on the left show the strutures
of the fragments (unary looped at the top, followed by binary non-looped, unary
non-looped, and free fragments).
strains of E. oli ontaining high levels (900 moleules per ell) of the wild-type
tetrameri and mutant dimeri repressor, respetively (Oehler et al., 1990, Ta-
ble I). They argued that this is beause at suh high repressor levels, most
of the operons are in the ternary state. Sine ternary operons annot form
loops even in ells ontaining the tetrameri repressor, the repression levels
are similar in both ell types. More preisely, (47) and (A.3) imply that
R312|
dimer
R312|
tetramer
=
(1 + α1/2 + α2/4 + α3/8) / (1 + κ2/2)
(1 + α1 + α̂1 + α2 + α̂2 + α3) /(1 + κ2)
≈ 1
4
.
The experimentally observed value of this ratio is higher (0.5) possibly be-
ause at suh high tetrameri repressor levels, the repression is too high to be
measured aurately. The measured value of the repression is, at best, a lower
bound (Oehler et al., 1994, Fig. 5).
It is therefore lear that in repressor-overexpressed ells, binary and ternary
operons are dominant in the absene of the induer. We expet that they will
remain dominant at suiently small induer onentrations. This beomes
evident if we plot the frations of various states of the operon as a funtion
of the induer onentration. The frations of non-looped and looped operons
ontaining i repressors are given by
θi(χ) ≡ φi(χ)
1 + φ1(χ) + φ̂1(χ) + φ2(χ) + φ̂2(χ) + φ3(χ)
, (48)
θ̂i(χ) ≡ φ̂i(χ)
1 + φ1(χ) + φ̂1(χ) + φ2(χ) + φ̂2(χ) + φ3(χ)
. (49)
The fration of free operons, whih is preisely ν, is given by (38). In wild-type
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Figure 13. Distribution of the frations of various states as a funtion of the induer
onentration: (a) Wild-type ells. (b,) Repressor-overpressed ells with 90-fold
overexpression. In (a, b), the blak urve represents the fration of binary and
ternary operons; the red, green, and blue urves represent the frations of looped
unary, non-looped unary, and free operons, respetively. In (), the full, dashed, and
long-dashed lines denote the frations of ternary, looped binary, and non-looped
binary operons, respetively.
ells, the fration of binary and ternary operons, (θ2 + θ̂2 + θ3), is small at all
induer onentrations (Fig 13a, blak urve). In repressor-overexpressed ells
with 90-fold overexpression, this fration is dominant for all χ . 5 (Fig 13b,
blak urve). If we plot the individual omponents, θ2, θ̂2, θ3, of this fration,
it beomes lear that the ternary and binary looped operons are dominant
for χ . 3 (Fig 13). It follows that the kinetis of repressor-overexpressed
ells annot be aptured by eq. (45)  it is neessary to use the more general
expression (35).
We tested the validity of the model by determining the extent to whih it
ould t the indution urves for ells ontaining wild-type repressor levels
(Fig. 11). The ts do not prove the validity of the model beause these in-
dution urves show the variation of only one of the model variables  the
fration of free operons  as a funtion of the induer onentration, . If the
model is truly valid, the fration of every looped and non-looped speies will
vary in a manner onsistent with the model. It is therefore partiularly useful
that these frations follow simple saling relations, whih are experimentally
testable beause eah fration migrates at a dierent speed in polyarylamide
gel eletrophoresis (Fig. 12b). To see this, note that there are three distint
trends in Figs. 13b,: (a) The fration of free operons inreases monotonially,
(b) the frations of ternary and looped binary operons derease monotoni-
ally, and () the frations of the remaining three states of the operon pass
through a maximum. These trends follow immediately from the denitions
(48)(49). They are similar to the onentration proles observed in series re-
ations (A→ B → · · · ), wherein as time progresses, the onentration of the
rst (resp., last) omponent dereases (resp., inreases) monotonially, and
the onentrations of the intermediate omponents pass through a maximum.
In Figs. 13b,, the induer onentration plays a role analogous to time: As χ
inreases, the ternary operons are suessively onverted to binary, unary, and
free operons. But there is an important dierene. Sine φ̂2 and φ3 derease
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Figure 14. The indution rate inreases linearly at small induer onentra-
tions (Gilbert and Müller-Hill, 1966; Oehler et al., 2006; Overath, 1968). The data
orresponds to E. oli BMH8117 λEwt100 (), whih ontains only the main oper-
ator, and E. oli 15TAU la
−
2 (⋆), W3102 () whih ontain all three operators.
with χ at the same rate, the model predits that the ratio, θ̂2/θ3, has the same
value, α̂2/α3, at all induer onentrations. Similarly, the ratio, θ̂1/θ2, must
have the same value, α̂1/α2, at all induer onentrations. These saling rela-
tions were obtained by varying the induer onentrations at xed repressor
levels. If the repressor levels are hanged at xed induer levels, say, χ = 0
(Fig. 12b), the model predits that θ̂i/θi will have the same value, α̂i/αi, at all
repressor levels. Experimental tests of these saling relations provide a strin-
gent test of the model. Furthermore, deviations from these saling relations
may reveal the untenable assumptions of the model.
4 Disussion
Given the above results, we an state the onditions under whih the kinet-
is of la indution an be desribed by eqs. (1) and (2) of the Yagil & Yagil
model. If DNA looping is weak or absent, both equations provide good approx-
imations to the kinetis, but (1) is valid at all induer onentrations, whereas
(2) aptures the kinetis only at suiently large induer onentrations. In-
deed, the latter equation predits that the slope of the indution urve is zero
at small induer onentrations. This is inonsistent with the data  the in-
dution urve inreases linearly at induer onentrations as low as ∼0.5 µM,
regardless of the presene or absene of DNA looping (Fig. 14).
In the presene of DNA looping, the kinetis of wild-type ells are more o-
operative than the kinetis predited by the Yagil & Yagil model, and this
ooperativity beomes even more pronouned in repressor-overexpressed ells.
This result has important impliations for the dynamis of the la operon. As
we show below, it suggests that repressor overexpression an be used to indue
bistability in systems that are otherwise bistable.
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Figure 15. Indution of bistability by repressor overexpression. (a) In wild-type E.
oli, there is bistability during growth on suinate + TMG (blak urves). If the
repressor levels are redued, the indution rate beomes hyperboli (red urve), and
bistability disappears. (b) In wild-type E. oli, there is no bistability during growth
on latose (blak urves). If the repressor is overexpressed, bistability is indued
beause the indution rate beomes more ooperative (red urve).
Moleular biologists have known for a long time that ooperativity plays a
entral role in geneti swithes (Ptashne, 1992, p. 28). This was onlusively
demonstrated by reent experiments with the la operon. Ozbudak et al in-
serted into the hromosome of E. oli MG 1655 a single opy of a la reporter
gene oding for green uoresene protein. In these ells, the green uores-
ene intensity provides a measure of the instantaneous ativity of the la
enzymes. They showed that when these ells were grown exponentially on a
medium ontaining suinate and the gratuitous induer, TMG, the enzyme
ativities displayed bistability. Futhermore, this bistability ould be aptured
by the steady states of the equation
de
dt
=
1 +K2xx
2
α1 + 1 +K2xx
2
− rge, x ∝ e s
Ks + s
where e and s denote the la permease ativity and extraellular TMG onen-
tration, respetively; rg denotes the spei growth rate on suinate; and the
induer onentration, x, is assumed to be proportional to the TMG uptake
rate.
5
Bistability ours preisely beause the indution rate, whih inreases
as e2, is more ooperative than the dilution rate, whih is proportional to e
(Fig. 15a, blak urves). Indeed, if the repressor level is dereased by titrating
the repressor with the la operator, the indution urve loses its ooperativity
 it beomes hyperboli (Fig. 15a, red urve), and the bistability disappears.
The above example shows that bistability an be abolished by dereasing the
5
The repression of the la reporter gene used in this study was only 170. This is
partly beause the reporter gene laks O2. However, the O1,O3 interation is also
somewhat attenuated beause O1, O3-ontaining ells yield a repression of 440 (Ta-
ble 1). Given the weak DNA looping, it is oneivable that eq. (2) approximates the
indution kinetis.
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repressor level, and hene, the ooperativity of the indution urve. It is there-
fore oneivable that bistability an be imposed upon monostable systems by
inreasing the repressor level. Ozbudak et al observed that their system ex-
hibited no bistability if the ells were grown on latose, rather than suinate
+ TMG (Ozbudak et al., 2004). One hypothesis for explaining the absene of
bistability is as follows (Narang and Pilyugin, 2006). During growth on su-
inate + TMG, the spei growth rate is independent of the la permease
ativity. In sharp ontrast, during growth on latose, the spei growth rate
is proportional to the spei latose uptake rate, i.e., rg ∝ es/(Ks+s), where
s now represents the onentration of extraellular latose. The dilution rate
is therefore as ooperative as the indution rate (both rates inrease as e2),
and bistability is impossible (Fig. 15b, blak urves). In suh systems, bista-
bility an be indued by overexpressing the repressor beause the indution
rate then inreases as e4 or e6, whih is signiantly more ooperative than
the dilution rate (Fig. 15b, red urve). Thus, the inrease in ooperativity
generated by high repressor levels an be exploited to impose bistability upon
systems that otherwise show little propensity for swith-like behavior. This
may be useful in syntheti biology, whih is onerned, among other things,
with the development of geneti swithes.
5 Conlusions
We formulated a model for the kinetis of la indution whih takes due a-
ount of the tetrameri struture of the repressor, the existene of the auxiliary
operators, and the attendant DNA looping. Analysis of the model shows that:
(1) In the absene of DNA looping, the kinetis are given by eq. (25), whih
is formally similar to the Yagil & Yagil model. In the presene of DNA
looping, the kinetis are signiantly more ooperative.
(2) In wild-type ells, no more than one repressor binds to an operon, and the
kinetis are given by eq. (44), whih depends on powers of x as high as x4.
The ooperativity inreases markedly beause the onentration of looped
repressor-operator omplexes dereases with the induer onentration at
a rate muh faster than the orresponding rate for non-looped omplexes.
(3) If the repressor is overexpressed in wild-type ells, multiple repressors
are bound to most of the operons, and the kinetis are given by eq. (32),
whih depends on powers of x up to x6. The ooperativity is enhaned
even further beause multi-repressor operons are more sensitive to the
induer onentrations than operons with only one repressor.
(4) The model provides good ts to the indution urves for 4 dierent strains
of E. oli. We also show that if the model is orret, the relative onen-
trations of ertain looped and non-looped speies must remain the same
at all induer (or repressor) onentrations. These saling relations, whih
30
lie at the heart of the model, an be rigorously tested by gel eletrophore-
sis.
These results should be useful in analyzing kineti data for indution of oper-
ons involving DNA looping, and in formulating dynami models for indution
of suh operons.
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A Indution kinetis and repression in ells ontaining mutant
dimers
Equations (18)(19) were derived for ells ontaining the tetrameri repressor.
If the ells ontain mutant dimers that an bind to the operator but do not
tetramerize, the orresponding equations are
ρ (1 + χ)2 + ων
[
ρα¯1 + 2ρ
2α¯2 + 3ρ
3α¯3
]
= 1, (A.1)
ν
[
1 + ρα¯1 + ρ
2α¯2 + ρ
3α¯3
]
= 1. (A.2)
where ρ now denotes the fration of free mutant dimers. These equations
dier from eqs. (18)(19) in three ways: (a) The parameters, α¯i, satisfy the
relations, α¯1 = α1/2, α¯2 = α2/4, α¯3 = α3/8, sine the assoiation onstants
for dimer-operator binding are half of the orresponding assoiation onstants
for tetramer-operator binding. (b) The rst term of eq. (A.1) depends on
(1 +χ)2, rather than (1 + χ)4, beause mutant dimers have only two induer-
binding sites. () The terms in square brakets do not depend on the induer
onentrations beause induer-bound mutant dimers annot bind to the op-
erator. The latter also implies that the transription rate is proportional to
T = ν (1 + κ¯2ρ) , κ¯2 = κ2/2, provided d = 0.
The zeroth-order solution is
ρ0 =
1
(1 + χ)2
,
ν0 =
1
1 + ρ0α¯1 + ρ20α¯2 + ρ
3
0α¯3
,
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Figure A.1. The model predits the repression in ells ontaining mutant dimers
(data from Oehler et al., 1990, Table I, and Oehler et al., 1994, Figs 45). The full
lines show the model preditions, alulated from eqs. (A.3)(A.6) with the wild-type
parameter values, κ1 = 30, κ2 = 0.38, κ3 = 0.24, determined in Setion 3.
whih implies that
T =
1 + κ¯2/ (1 + χ)
2
1 + α¯1/ (1 + χ)
2 + α¯2/ (1 + χ)
4 + α¯3/ (1 + χ)
6 .
Although these kinetis an be highly ooperative, the parameter values for
ells ontaining wild-type repressor levels are suh that the orresponding
kinetis are formally similar to eq. (28). Fig. 5b shows that this equation
provides a good t to the indution urve of ells ontaining mutant dimers.
To see this, observe that the values of α1, α2, α3 for ells ontaining wild-type
levels of tetrameri repressor imply that α¯1 = 15.5, α¯2 = 5, α¯3 = 0.25. Sine
α¯2, α¯3 are small ompared to α¯1,
α¯2
(1 + χ)4
,
α¯3
(1 + χ)6
≪ α¯1
(1 + χ)2
for all but a negligibly small range of induer onentrations. The indution
kinetis are therefore formally idential to eq. (28).
The repression in ells ontaining all three operators is
R312 = 1 + α¯1 + α¯2 + α¯3
1 + κ¯2
, (A.3)
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whih implies that
R1 = 1 + κ¯1, R2 = 1, (A.4)
R3 = 1 + κ¯3, R12 = 1 + κ¯1 + κ¯2 + κ¯1κ¯2
1 + κ¯2
, (A.5)
R32 = 1 + κ¯2 + κ¯3 + κ¯2κ¯3
1 + κ¯2
, R31 = 1 + κ¯1 + κ¯3 + κ¯1κ¯3, (A.6)
where κ¯i = κi/2. Fig. A.1 shows the repression predited by these expressions,
assuming that κ1, κ2, κ3 have the values estimated in Setion 3 from the data
for ells ontaining the tetrameri repressor. The good agreement with the
repression data for ells ontaining mutant dimers suggests that the model
and the parameter values are plausible.
B Solution of eqs. (18)(19) by regular perturbation
We wish to solve the equations
ρ (1 + χ)4 + ων(ρf1 + 2ρ
2f2 + 3ρ
3f3) = 1, (B.1)
ν(1 + ρf1 + ρ
2f2 + ρ
3f3) = 1, (B.2)
for small ω. To this end, assume that the solutions have the form
ρ = ρ0 + ωρ1 +O(ω
2), (B.3)
ν = ν0 + ων1 +O(ω
2). (B.4)
Substituting these solutions in (B.1)(B.2), and olleting terms with like
powers of ω yields[
ρ0 (1 + χ)
4 − 1
]
+ ω
[
ρ1 (1 + χ)
4 + ν0
(
ρ0f1 + 2ρ
2
0f2 + 3ρ
3
0f3
)]
+ . . . = 0,[
ν0
(
1 + ρ0f1 + ρ
2
0f2 + ρ
3
0f3
)
− 1
]
+ ω
[
ν0ρ1
(
f1 + 2ρ0f2 + 3ρ
2
0f3
)
+
+ ν1
(
1 + ρ0f1 + ρ
2
0f2 + ρ
3
0f3
)]
+ . . . = 0.
It follows that
ρ0 =
1
(1 + χ)4
,
ν0 =
1
1 + ρ0f1 + ρ
2
0f2 + ρ
3
0f3
,
ρ1 = − ν0
(1 + χ)4
(
ρ0f1 + 2ρ
2
0f2 + 3ρ
3
0f3
)
,
ν1 = −ν0ρ1 f1 + 2ρ0f2 + 3ρ
2
0f3
1 + ρ0f1 + ρ20f2 + ρ
3
0f3
.
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Figure B.1. The relative error for ν0 does not exeed ∼20%. The relative error was
alulated assuming χ = 0, ω = 0.2, and αi, α̂i have wild-type values.
If we dene
Ω0 ≡ ρ0f1 + 2ρ
2
0f2 + 3ρ
2
0f3
1 + ρ0f1 + ρ20f2 + ρ
3
0f3
, (B.5)
ρ1 and ν1 an be written as
ρ1 = −ρ0Ω0, ν1 = ν0Ω20.
Substituting these expressions in (B.3)(B.4) yields
ρ = ρ0 (1− ωΩ0) +O(ω2), (B.6)
ν = ν0
(
1 + ωΩ20
)
+O(ω2). (B.7)
These are the rst-order solutions for the general model.
The parameter Ω0 approximates the average number of repressors bound to
an operon beause (B.5) an be rewritten as
Ω0 = θ1,t + 2θ2,t + 3θ3,t,
where
θi,t ≡ ρ
i
0fi
1 + ρ0f1 + ρ20f2 + ρ
3
0f3
, i = 1, 2, 3.
is the fration of operons ontaining i repressors. It follows that Ω0 must lie
between 0 and 3. In the absene of the induer, Ω0 inreases with repressor
overexpression from ∼1 to 3 (Fig. 12). However, the relative error for ν0 does
not exeed ∼20% (Fig. B.1).
In the absene of the auxiliary operators, f2 = f3 = 0. In this ase
ν0 =
1
1 + ρ0f1
, Ω0 =
ρ0f1
1 + ρ0f1
⇒ Ω0 = 1− ν0.
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Substituting this relation in (B.6)(B.7) yields
ρ = ρ0 [1− ω (1− ν0)] +O(ω2),
ν = ν0
[
1 + ω (1− ν0)2
]
+O(ω2).
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